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Abstract 
Most of the breakage models available in literature commonly assume binary breakage only. However, depending on 
the conditions, experimental observations suggest higher order breakage to be the dominant form of breakage induced 
by shear stress, often resulting in the formation of a number of small daughter particles. Ternary, quaternary or higher 
order breakage (up to 10 daughter particles) is not uncommon. This work presents an effort to incorporate higher 
order breakage effects into bubbly flows by extension of existing binary breakage models. The effects of higher order 
breakage terms are evaluated inside a multifluid-population balance based bubbly flow model. The results obtained 
from a least-squares finite element solver are compared with previous binary breakage mechanism simulations and 
experimental data when available. 
 
© 2012 Published by Elsevier Ltd. Selection under responsibility of the Congress Scientific Committee 
(Petr Kluson) 
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1. Introduction 
Bubble column reactors are frequently used in the chemical, biochemical and petrochemical industry. 
In essence it is a large vertical vessel filled with liquid equipped with a gas sparger at the bottom by which 
the gas is introduced into the reactor in a form of bubbles of various sizes depending on the type and 
 
* Corresponding author. Tel.: +47 735 941 35; fax: +47 735 940 80. 
E-mail address: zsolt.borka@chemeng.ntnu.no. 
Available online at www.sciencedirect.com
Open access under CC BY-NC-ND license.
Open access under CC BY-NC-ND license.
1271 Z. Bork and H. A. Jakobsen /  Procedia Engineering  42 ( 2012 )  1270 – 1281 
profile of the gas distributor. The bubbles driven by buoyancy create an upward gas-liquid flow where the 
gas comes in contact with the liquid. The resulting turbulent flow allows for excellent heat and mass 
transfer between the phases. In its simplest form the bubble column reactor is easy to build and requires 
little maintenance due to lack of moving parts which is reflected in its low operating costs. 
The main parameters of interest essential in the design and scale-up of the bubble column reactors are 
the volume fluxes of liquid and gas, gas holdup, interfacial mass transfer coefficient, heat transfer 
coefficient, mean bubble diameter etc. The gas holdup, i.e. gas void fraction inside the reactor together 
with a reasonable estimate of mean bubble diameter yields the specific inter-facial contact area where 
mass and heat transfer between the gas and liquid phase occurs. 
An extensive amount and variety of both experimental and theoretical scientific work regarding bubble 
columns has been carried out in the past decades. For instance, the gas void fraction has been found to 
determine the particular flow regime inside the reactor. The gas and liquid flow rates, reactor size and 
geometry, location and type of gas distributors, physical properties of phases, presence of impurities, 
ambient pressure and temperature are all factors to be considered in the modeling of these reactors. 
In recent years, numerical simulations utilizing Computational Fluid Dynamics (CFD) are being used 
heavily in the field of chemical engineering. They provide and alternative way to the traditional 
experimental methods for the study of chemical reactors. Jakobsen [1] describes in detail the application 
of these methods to characterize the properties of multiphase systems such as bubble column reactors. 
For the description of relatively high void fraction bubbly flows present in bubble column reactors 
under normal operating conditions, quantitative characteristic information about bubble velocity, bubble 
size and gas void fraction is of key importance. The use of population balances to characterize the bubble 
distribution inside the reactor coupled with a multi-fluid Eulerian-Eulerian flow model shows great 
promise for the description of such parameters in bubble column reactors. 
The bubble size distribution inside the reactor is a dynamic property, mostly influenced by bubble 
interaction mechanisms occurring due to inter-facial forces, turbulence and so on. Bubbles colliding with 
each other may bounce of each other, coalesce into a larger bubble or break up into a number of smaller 
bubbles effectively changing the existing size distribution. A number of approaches for the modeling of 
breakage and coalescence terms present in the population balance equation have been presented, as 
reviewed by Liao and Lucas [2, 3]. 
The theoretical models devised for breakage commonly consider the break up of a bubble into two 
smaller daughter bubbles as the only possible scenario. Various causes of breakage were proposed, 
including turbulence induced fluctuations and collisions, viscous shear off, bubble wake induced 
deformation stress, surface instabilities etc. 
On the other hand, the experimental observations of gas bubble and liquid drop behavior (conductivity 
measurements, particle image velocimetry) suggest regular occurrences of higher order breakages. 
According to experimental studies in water-air systems made by Andersson and Andersson [4], binary 
breakage seems to be the more probable scenario for bubbles, while drops are more likely to undergo 
multiple breakage. Also, equal sized breakage was found more likely for droplets, while bubbles tended 
to shear off smaller bubbles making suggesting unequal sized breakup. In this case, higher order breakage 
producing up to 10 daughter particles for both bubbles and drops was quiet common. Unfortunately, 
inconsistent results and conclusions from various experimental studies regarding the presence and extent 
of multiple breakage are present for both bubbles and droplets.  
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Fig. 1. Equal sized binary breakage                                                              Fig. 2. Unequal sized multiple breakage 
 
This work presents an effort to include the higher order breakage into the modeling of bubbly flows by 
extension of already developed models for binary breakage. The effect of multiple breakage is evaluated 
in an existing multifluid-population balance framework modeling a vertical bubble column. A least-
squares finite element based approach using a preconditioned conjugate-gradient solver is used to 
calculate the results. The results obtained are compared with previous binary breakage mechanism 
simulations and experimental data when available. 
2. Model equations 
2.1. Multi–fluid model 
A multi-fluid model for a vertical bubble column reactor combined with population balance based 
description of dispersed phase bubble size distribution is presented in Table 2. It is a one-dimensional 
steady–state model in physical space represented by the vertical coordinate z of the reactor. The simulated 
reactor is a L = 4,25 m long bubble column with an inner diameter of D = 29 cm. An air-water system 
operating under normal atmospheric pressure and temperature is assumed. Table 1 lists the values of 
physical constants for both phases used in the model. 
The model incorporates spherical bubbles of diameter ξ from the smallest non-zero bubble diameter 
ξmin equal to 1,2 mm to the maximum bubble diameter of ξmax of 35 mm in accordance with commonly 
observed gas bubble diameters reported in bubble columns. We choose to adopt a non-zero diameter for 
the smallest bubbles with regard to some of the recently proposed breakage rate models in literature [5] 
that assume zero breakage rates for bubbles of size smaller than a critical diameter ξcritc. 
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Table 1. Physical constants used in simulations 
Physical property Unit Value 
Temperature T K 298 
Pressure at outlet pref Pa 101325 
Liquid surface tension σl N/m 7,2.10-2 
Liquid dynamic viscosity μl kg / (ms) 9,7754.10-4 
Liquid density ρl kg/m3 998 
Gas dynamic viscosity μd kg / (ms) 1,763.10-5 
Initial gas density ρdinit kg/m3 1,188 
Turbulent energy dissipation rate ε m2/s3 0,392 
The main model equations are derived using a microscopic Boltzmann equation obtained from the 
kinetic theory of dilute gasses or equivalently from the theory of continuum [6, 7]. The resulting 
conservation equations for both mass and momentum are applied for each phase. The mass conservation 
equation for the dispersed phase is in fact the population balance equation describing the balance of the 
mass based distribution function fd(z, ξ). The initial distribution profile for fdinit is assumed to follow a 
log-normal distribution. 
Table 3 lists the constitutive relations together with the terms for breakage and coalescence used in our 
model. The nine quantities solved for in the model are the liquid(continuous) phase velocity vl(z), 
pressure p(z), mass distribution function fd(z, ξ), gas(dispersed) phase velocity vd(z,ξ), dispersed phase 
volume fraction αd, bubble-size growth velocity vξ(z, ξ), dispersed phase(gas) density ρd(z), mass flux 
j(z,ξ) and momentum flux jm(z,ξ). The flux variables are directly related to the other variables, i.e. mass 
flux j(z,ξ) = fd(z, ξ) vξ(z,ξ) and momentum flux jm(z,ξ)= fd(z, ξ)vξ(z,ξ)vd(z,ξ). Mathematically they could 
be left out from the model variables allowing for a smaller overall problem to be solved, we found that 
their inclusion in the model improved the numerical convergence properties of the solution offsetting the 
additional complexity of the model. 
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Table 2. Model equations and constitutive relationships 
Continuity equation for continuous(liquid) phase  Dispersed phase volume fraction  
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Momentum equation for dispersed(gas) phase  Mass flux  
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Population balance equation  Momentum flux  
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2.2. Binary breakage 
The breakage source (eq. 25) and sink (eq. 26) terms from the population balance equation are 
formulated for binary breakage only. Also the coalescence source (eq. 28) and sink (eq. 27) terms assume 
only binary interaction between bubbles. The overall breakage kernel function in the breakage source 
term is given as the product of a breakage frequency function b(ω) giving the specific rate at which parent 
bubbles of diameter ω undergo breakage and the breakage daughter particle size redistribution function 
hb. Depending on the literature cited the daughter redistribution function is sometimes given in terms of 
the number of daughter particles formed ν and the daughter size redistribution probability function P as hb 
= ν P. 
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Table 3. Closure and constitutive relations 
Slip velocity [12] 
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In the case of binary breakage, when exactly ν = 2 daughter particles are formed by the break-up of a 
bubble of size ω, the daughter size redistribution hb(ξ,ω) is given as a function of the original parent 
bubble size(or more often volume V(ω)) and one of the resulting daughter bubble sizes ξ. The size ζ of 
the other daughter particle is determined from the bubble mass or equivalent volume conservation 
statement V(ω) = V(ξ) + V(ζ). 
 
Table 4 lists the binary redistribution function formulations considered in this work. The daughter 
redistribution function hb must be carefully formulated so that it preserves the total number of bubbles in 
the system with regard to the assumed number of daughter particles. Also, the total volume of bubbles in 
the system has to conserve by the breakage term. For the binary breakage described, the number and mass 
conservation properties for the daughter redistribution function are then expressed as constraints for its 0th 
and 3rd (in diameter) moments: 
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Table 4. Binary breakage redistribution probability functions 
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2.3. Multiple breakage 
As pointed out by Hill [16], the binary breakage formulation of the daughter size redistribution 
function hb(ξ,ω) or equivalently the daughter redistribution probability P(ξ,ω) can be extended into a 
higher order breakage formulation. A ternary breakage scenario where three daughter particles of sizes ξ, 
ζ and η are formed can be described in terms of a joint multivariate distribution function considering all 
daughter particles. The idea of direct extension of binary breakage redistributions is then expressed 
 ( , ) ( , )( , , ) , ( ) ( ) ( ) ( )
( )
b bAP PP V V V V
g
ξ ω ζ ωξ ζ ω ω ξ ζ η
ω
⊗
= = + +  (35) 
where A is a constant, g is a function of the parent particle of size ω, hb is the daughter particle size 
distribution from binary breakage models and ⊗ represents some elementary operator. For instance, 
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addition or multiplication can be applied identically for each daughter bubble. The number and mass 
conservation constraints in case of ternary daughter size redistribution are then 
 1 1 2( ) ( ) ( ) ( ) ( ) ( )
1 2 2 10 0 0
( , , ) ( )
V V V V V V
bh d d
ω ω ξ ω ξ ξ
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However, as reviewed by Marchetti [17], direct extension of existing binary breakage models usually 
results in formulations which are not mass (or number) conservative and required model parameter fitting 
procedures. The only known formulation that is reported to follow the number and mass conservation 
constraints of daughter particles is based on the phenomenological power law redistribution formulation. 
For p daughter particles, the joint multivariate power law distribution 
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The size of the pth particle is determined from the mass conservation constraint which in general form 
expressed for a bubble of size ω breaking up into p daughter particles of sizes ξi is 
 
1
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p
i
i
V Vξ ω
=
=¦  (39) 
The theoretical size range of the first bubble from the breakage is V(ξ1) ∈ (0, Vω)), the size of the 
next particle is from V(ξ2) ∈ (0, V(ω) - V(ξ1)), the third particle is from 0 to V(ω) - V(ξ1) - V(ξ2)) and so 
on. The relationship between the marginal probability P(ξi,ω) and the joint probability P(ξ1, ξ2, …, ξi, ω) 
is then 
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Diemer & Olson [18] reviewed the marginal probability of Hill [16] for the product and sum of power 
law redistributions and proposed a derived a formulation using beta functions as a generalization of the 
binary beta distribution of Hsia & Tavlarides [14]: 
 ( ) 1* * 1* *( ) (1 ( ) ) ( )( ( ) , ( )) , ( 1) ( )
( , ) ( ) ( )
q rV V VP V V p r q p V
B q r V V
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3. Numerical procedure 
3.1. Least-square model 
A high-order spectral elements FEM solver based on the least square minimization [19] principle is 
used for the numerical solution.  It searches for a solution that minimizes the norm equivalent least square 
functional 
 
 2 2
( ) ( )
1 1( ) ( ) ( ) , ( ),
2 2Y Y
J f R f R f f XΩ Γ= + ∈ Ω Γ = ∂Ωý ý ý ý  (42) 
 
where f ∈ X(ω), R (f(x)) = ℑ f(x) - g(x) is the residual, ℑ: X → Y is a bounded linear operator, X (ω) ⊂ 
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 L2 is a compact domain of square integrable functions, Ω ⊂ R2 is the solution domain and Γ is the 
domain boundary ∂Ω. Using variational calculus the search for the minimiser of the functional is stated as 
δJ = 0 and can be written as: 
 
 
( ) ( )
( ), ( ) ( ), ( ) , ( )
Y Y
f x v x g x v x v XΩ Ω= ∀ ∈ Ω$ $ $  (43) 
which can be written as a system of N linear equations (perturbation functions) with N unknowns A.f 
= F, where 
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 [ ] ( ), ( ) ( )i iiF g x g x x dxϕ ϕΩ= = ³$ $  (45) 
 
The integrals in (eq. 42) are conveniently approximated using GLL Gauss quadrature rules of order N, 
so the quadrature points on the domain are the same as the collocation points. 
 
The domain Ω ⊂ RN can be divided up to a set of Ne non-overlapping subdomains Ωe called elements 
so that the least-squares functional can then be defined as 
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The minimization problem is then expressed as 
 2
0 0
( ( ) ( )) 0
qe NN
e e
N q q Q
e q
f x g x W
= =
− =¦¦ $  (47) 
 
The system of linear equations for the approximate solution is given by 
 
 Af F=  (48) 
 
 TA L WL=  (49) 
 
 TF L Wg=  (50) 
 
where L is the problem operator matrix, W is the diagonal Gauss quadrature weights matrix, A is the 
normal matrix, g = (g1, g2, …, g8)T is the right hand side source vector and f = (f1, f2, … , f8)T is the 
solution vector. 
 
4. Results and discussion 
Two sets of simulations were carried out to compare the effects of various breakage operators used in 
the vertical bubble column model. The first set assumed binary breakage only using the binary 
redistribution function of Hsia & Tavlarides [14]. For the second set we used the marginal daughter size 
distribution of Diemer & Olson [18] of the power law type assuming ternary breakage p = 3 and 
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parameter value of q = 0.5 giving unequal size (suggested by Andersson [4]) daughter bubble 
redistribution profile as shown on Figure 4. 
 
For the breakage rate b, the model provided by Coulaloglou & Tavlarides [20] was used with 
parameter values k1 = 0,336 and k2 = 0,106. The model presented by Prince and Blanch [21] was utilized 
as the coalescence rate closure. A lognormally distributed initial bubble distribution density fdinit(ξ) as 
observed by Kim et al [22] was used with the mean value of μ = -0.165 and variance σ = 0,364. The 
initial void fraction αd0 = 0,133 for gas volume flux j = 4 cm/s was provided by Jakobsen [23]. 
Figure 3 demonstrates the profiles of the power law product daughter size redistribution function of 
Diemer & Olson [18] for binary breakage. The profiles of the marginal redistribution for the case of 
ternary breakage as used in the simulations are shown on Figure 4.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3. Binary power law product  Fig. 4. Diemer & Olson [18] ternary power 
 distribution of Diemer & Olson [18] law product redistributions 
 
The computed values for the liquid velocity for both binary and ternary breakage together with 
available experimental data are compared in Figure 5. The results for the gas void fraction are presented 
in Figure 6. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 5. Bubble Sauter mean diameter         Fig. 6. Gas void fraction profile 
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5. Conclusions 
A multi-fluid bubble column model coupled with population balance for the dispersed phase bubble 
size distribution accounting for breakage and coalescence has been presented. The effect of binary and 
multiple breakage terms has been studied in comparison with available experimental data. 
 
The calculated values for the Sauter mean diameter follow the bubble size distribution profile provided 
by Kim et al [22] with a mean value of ξmean= 8,74 mm, which is different from the experimental data 
available for the Sauter mean diameter (provided Yao [24]). However, the shape of the calculated profiles 
seems to be consistent with measurements, only the mean bubble size is higher, probably because of a 
different gas distributor used. 
 
The results in agreement with the experimental observations of Andersson [4] provide a better fit with 
available data for binary breakage model. For best fit, it would be possible to devise a parametric model 
incorporating the effect of binary and ternary breakage (the two main forms of breakage for bubbles 
according to Andersson [4]) simultaneously. However, reports regarding the number and size of daughter 
bubbles formed available in literature are contradictory. More experimental data are needed. 
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